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Abstract—The rate equations of vertical-cavity surface-emitting lasers (VCSELs) have 
been modelled incorporating the noise and thermal effect. The discrete-time model is 
simulated and compared with three numerical methods. It is further embedded into our 
self-developed simulation software and compared with other commercial ones. An 
accurate VCSEL channel model can facilitate the system design and inspire novel digital 
signal processing algorithms for optical wireless communications (OWC). 

Index Terms — Rate equations, semiconductor lasers, vertical-cavity surface-
emitting lasers, simulation software. 

Ⅰ  Introduction 

Semiconductor laser is one of the most representative key optoelectronic devices, and 
has been widely used in many fields such as communications and display. Conventional 
edge-emitting lasers emit light in a direction parallel to the substrate, making it 
impossible to achieve face-to-face free-space optical interconnections, optical switching 
and parallel processing. It wasn't until the advent of the vertical-cavity surface emitting 
laser (VCSEL) that this changed. The VCSEL was invented by K. Iga of Tokyo Institute of 
Technology in 1979[1],[2]. Compared with edge-emitting semiconductor lasers, the 
VCSELs offer a variety of advantages[3]. The main advantages of the VCSELs are single-
longitudinal-mode operation, circular output beams, suitability for monolithic 2-D 
integration, and direct modulation[4]-[6]. It is because of these advantages that VCSELs 
are widely used in high-speed optical communications, optical interconnects and other 
fields[8],[9]. 

Rate equations provide a powerful tool for laser design, optimization and performance 
analysis. Therefore, it is of interest for the study rate equations of VCSEL model. For 
example, P.V. Mena et al. presented a VCSEL model based on the standard laser rate 
equations by introducing a thermally dependent empirical offset current[10]. 

In this paper, we discuss the rate equations and the method of solving the equations 
using discrete-time approaches. We then simulate the LI characteristics and dynamic 
response of the VCSEL and compare them with references. In addition, a comparison is 
made with simulation softwares. 

Ⅱ  Models 

A. Simple rate equations 
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The operating characteristics of a semiconductor laser can be described by a set of rate 
equations, which is a set of differential equations describing the interaction between 
photons and electrons in the active region of a semiconductor laser. The general form of 
the semiconductor laser's single-mode rate equations are as follows[11] 

{
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(1) 

where 𝑁 is the carrier number, 𝑆 is the photon number, 𝐼 is the injected current, η𝑖  is the 
injected efficiency, 𝑞  is the electron charge, 𝐺0  is the gain coefficient, 𝑁0  is the carrier 
transparency number. Γ is the relative confinement factor, β is the spontaneous emission 
factor, 𝜏𝑛 is the carrier lifetime, 𝜏𝑝 is the photon lifetime, 𝜀 is the gain compression factor. 

The optical power 𝑃𝑂 is proportional to the number of photons and has a scaling factor 
of 𝑘 

𝑃𝑂 = 𝑘𝑆 (2) 

B. Rate equations with thermal behavior 

P.V. Mena et al. represent the thermal behavior of VCSELs by introducing thermally 
relevant empirical offset current into the rate equations[13]. The offset current using a 
polynomial function of temperature 

𝐼𝑜𝑓𝑓 = 𝑎0 + 𝑎1𝑇 + 𝑎2𝑇
2 + 𝑎3𝑇

3 + 𝑎4𝑇
4 +⋯ (3) 

After the addition of the offset current, the modified rate equations are 
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(4) 

Temperature is described by the thermal rate equation, which takes into account the 
transient temperature increase due to heat dissipation. 𝜏𝑡ℎ  is the thermal time constant, 
𝑇0  is the ambient temperature, 𝑅𝑡ℎ is the VCSEL’s thermal impedance (which expresses 
the relationship between the temperature variation of the VCSEL and the loss of power) 
and 𝑉 is the voltage. 

In order to obtain the LI curve for each ambient temperature, we also need the VI 
relationship. Assuming that the VI relationship of the laser does not change much at 
different operating temperatures, the VI relationship can be expressed as follows 

𝑉 = 𝐼𝑅𝑠 +𝑉𝑇𝑙𝑛 (1 +
𝐼

𝐼𝑠
) (5) 



where 𝑅𝑠 is the series resistance, 𝑉𝑇  is the diode’s thermal voltage, and 𝐼𝑆 is the diode’s 
saturation current. 

C. Rate equations with noise behavior 

To make the model more realistic, consider adding a noise term is needed. Spontaneous 
radiation is the cause of noise generation. We use the method of generating Langevin 
noise sources, which takes into account the interrelationship between carrier number 
noise sources and their phase noise sources[14]. 

{
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∆𝑡 is the sampling interval. For the rate equations to be solved, we need to know the 
explicit forms for 𝐹𝑁, 𝐹𝑆 and 𝐹θ. They are constructed as follows 

{
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𝑉𝑆𝑆(𝑡𝑖)
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(7) 

where 𝑉𝑆𝑆(𝑡𝑖), 𝑉𝑁𝑁(𝑡𝑖), 𝑉𝑆𝑁(𝑡𝑖), 𝑘(𝑡𝑖) and 𝑚(𝑡𝑖) are related to spontaneous radiation and 
expressed as 

{
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(8) 

We calculate each of the Gaussian random variables as one of the deviates 

𝑔𝑎 = {
√− log10 𝑢1 𝑐𝑜𝑠(2π𝑢2)

𝑜𝑟

√− log10 𝑢1 𝑠𝑖𝑛(2𝜋𝑢2)
, 𝑎 = 𝑆,𝑁𝑜𝑟θ (9) 
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where 𝑢1 and 𝑢2 are uniformly distributed random number from -1 to 1.  

D. Discrete–time domain model 

Discretising the model in the time domain is actually about numerically predicting the 
change in carrier number 𝑁  and photon number 𝑆  at the next moment. To better 
describe the expression for the discretisation of the rate equations, we write the rate 
equations as functions of the current 𝐼, the carrier number 𝑁, the photon number 𝑆 and 
the time t, denoted 𝑓 and 𝑔 as (10) respectively. We take the simple rate equations as an 
example, and the method is equally applicable when thermal behavior and noise are 
added. 

{
 
 

 
 𝑑𝑁(𝑡)

𝑑𝑡
= 𝑓(𝐼(𝑡), 𝑁(𝑡), 𝑆(𝑡), 𝑡) =

𝜂𝑖𝐼(𝑡)

𝑞
−
𝑁(𝑡)

𝜏𝑛
−
𝐺0(𝑁(𝑡) − 𝑁0)𝑆(𝑡)
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−
𝑆(𝑡)

𝜏𝑝
+
𝛽Γ𝑁(𝑡)

𝜏𝑛

(10) 

We discretise the model in the time domain using the three methods (Euler’s method, 
Midpoint method and Fourth order Runge-Kutta method) to obtain results for sampling 
the modulated signal at 𝑇𝑠  [12].  

a. Euler’s method 

Euler's method is one of the simplest numerical solutions. When this method is applied 
to the solution of the rate equation, the expressions for 𝑁 and 𝑆 at 𝑡 + 𝑇𝑠 are given by (11) 
and the slope of change is obtained directly from the rate equations. However, this 
method has a large error and usually requires a high sampling rate to get better 
converged results. 

{
𝑁(𝑡 + 𝑇𝑠) = 𝑁(𝑡) + 𝑇𝑠 · 𝑓(𝐼(𝑡),𝑁(𝑡), 𝑆(𝑡), 𝑡)

𝑆(𝑡 + 𝑇𝑠) = 𝑆(𝑡) + 𝑇𝑠 · 𝑓(𝑁(𝑡), 𝑆(𝑡), 𝑡)
(11) 

b. Midpoint method 

The midpoint method is an improvement of Euler's method. Compared to the Euler’s 
method, the midpoint method has a higher accuracy because the slope of the growing 
part is the slope at 𝑡 + 𝑇𝑠/2. Such an approximation reduces the superposition of errors. 
We first compute carrier number 𝑁 and photon number 𝑆 and the slope at 𝑡 + 𝑇𝑠/2.  

{
𝑁(𝑡 +

𝑇𝑠
2
) = 𝑁(𝑡) +

𝑇𝑠
2
· 𝑓(𝐼(𝑡),𝑁(𝑡), 𝑆(𝑡), 𝑡)
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𝑇𝑠
2
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2
· 𝑔(𝑁(𝑡), 𝑆(𝑡), 𝑡)

(12) 

{
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𝑇𝑠
2
) = 𝑓 (𝐼 (𝑡 +

𝑇𝑠
2
) , 𝑁 (𝑡 +

𝑇𝑠
2
) , 𝑆 (𝑡 +

𝑇𝑠
2
) , 𝑡 +

𝑇𝑠
2
)

𝑆′ (𝑡 +
𝑇𝑠
2
) = 𝑔 (𝑁 (𝑡 +

𝑇𝑠
2
) , 𝑆 (𝑡 +

𝑇𝑠
2
) , 𝑡 +

𝑇𝑠
2
)

(13) 

Using the idea of Euler's method again, the expression at 𝑇𝑠  can be expressed as 



{
𝑁(𝑡 + 𝑇𝑠) = 𝑁(𝑡) + 𝑇𝑠 · 𝑁

′ (𝑡 +
𝑇𝑠
2
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2
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𝑇𝑠
2
) , 𝑡 +

𝑇𝑠
2
)

𝑆(𝑡 + 𝑇𝑠) = 𝑆(𝑡) + 𝑇𝑠 · 𝑆
′ (𝑡 +
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2
) = 𝑆(𝑡) + 𝑇𝑠 · 𝑔 (𝑁 (𝑡 +

𝑇𝑠
2
) , 𝑆 (𝑡 +

𝑇𝑠
2
) , 𝑡 +

𝑇𝑠
2
)

(14) 

c. Fourth order Runge-Kutta method 

The fourth order Runge-Kutta method is a numerical method of fourth-order accuracy 
that typically produces more accurate results than lower-order methods such as the 
Euler's method or the midpoint method. The carrier number 𝑁 and photon number 𝑆 at 
𝑡 + 𝑇𝑠  can be expressed as 

{
𝑁(𝑡 + 𝑇𝑠) = 𝑁(𝑡) +

𝑇𝑠
6
· (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4)

𝑆(𝑡 + 𝑇𝑠) = 𝑆(𝑡) +
𝑇𝑠
6
· (𝑚1 + 2𝑚2 + 2𝑚3 +𝑚4)

(15) 

where 𝑘𝑖 , 𝑚𝑖(𝑖 = 1,2,3,4) are expressed as 

{
𝑘1 = 𝑓(𝐼(𝑡), 𝑁(𝑡), 𝑆(𝑡), 𝑡)

𝑚1 = 𝑔(𝑁(𝑡), 𝑆(𝑡), 𝑡)
(16) 

{
𝑘2 = 𝑓 (𝐼(𝑡),𝑁(𝑡) +

𝑇𝑠
2
· 𝑘1, 𝑆(𝑡) +

𝑇𝑠
2
· 𝑚1, 𝑡 +

𝑇𝑠
2
)

𝑚2 = 𝑔(𝑁(𝑡) +
𝑇𝑠
2
· 𝑘1, 𝑆(𝑡) +

𝑇𝑠
2
· 𝑚1, 𝑡 +

𝑇𝑠
2
)

(17) 

{
𝑘3 = 𝑓 (𝐼(𝑡),𝑁(𝑡) +

𝑇𝑠
2
· 𝑘2, 𝑆(𝑡) +

𝑇𝑠
2
· 𝑚2, 𝑡 +

𝑇𝑠
2
)

𝑚3 = 𝑔(𝑁(𝑡) +
𝑇𝑠
2
· 𝑘2, 𝑆(𝑡) +

𝑇𝑠
2
· 𝑚2, 𝑡 +

𝑇𝑠
2
)

(18) 

{
𝑘4 = 𝑓(𝐼(𝑡),𝑁(𝑡) + 𝑇𝑠 · 𝑘3, 𝑆(𝑡) + 𝑇𝑠 · 𝑚3, 𝑡 + 𝑇𝑠)

𝑚4 = 𝑔(𝑁(𝑡) + 𝑇𝑠 · 𝑘3, 𝑆(𝑡) + 𝑇𝑠 · 𝑚3, 𝑡 + 𝑇𝑠)
(19) 

Ⅲ    Simulation 

A. Numerical simulation 

We solve the rate equations in section II for the heat-containing behavior with three 
discrete methods. The model parameters are η𝑖 = 0.821 , 𝐺0 =  8.486 × 10

5𝑠−1 , 𝑁0 =
1.286 × 106 , Γ = 1 , β = 2.68 × 10−2 , τ𝑛 = 1.201 𝑛𝑠 , τ𝑝 = 2.884 𝑝𝑠 , ε = 3.888 ×

10−6 ,𝑅𝑡ℎ = 0.896℃/𝑚𝑊 ,𝑎0 = 2.213 × 10
−3 𝐴 ,𝑎1 = −1.719 × 10

−4 𝐴/𝐾 ,𝑎2 = 3.355 ×
10−6𝐴/𝐾2 , 𝑎3 = 0 𝐴/𝐾

3 , 𝑎4 = 0 𝐴/𝐾
4 ,𝑅𝑠 = 149.8Ω , 𝑉𝑇 = 0.9366𝑉 , and 𝐼𝑠 = 7.918 ×

10−5 𝐴. The modulation response curve of the device is discussed in [13], which also 
gives the possibility of direct modulation and equation solving for VCSEL. We modulate 
the laser at a constant current of 1mA with a modulation current of 4mA. The signal is a 
square wave signal with a bit rate of 2.4 Gbit/s. The optical output power graphs solved 
by the three methods respectively are as follows 
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Fig. 1. Solution to the rate equations of three methods 

From Fig. 1, it can be seen that the solution of the three methods have different degrees 

of oscillation, which is caused by the instability of numerical solution methods and the 

relaxation oscillation phenomenon of the laser. However, due to the fact that Euler and 

Midpoint methods may lead to instability easier in the numerical solution when solving 

problems with large oscillations or nonlinearities, thus creating a more severe oscillation 

in the results, these results are inaccurate. Increasing the sampling rate can solve such 

problems to a certain extent, but too high a sampling rate will increase the amount of 

computation, so the fourth order Runge-Kutta method, which gives better results with a 

lower sampling rate, becomes a better choice. 

B. VCSEL characteristics 

We discuss the model through the static LI characteristic and dynamic modulation 

characteristic of the VCSEL(Parameters for the simulation of the two characteristics are 

the same as the first device in part A).  

We solve the system of differential equations through the steady state of each bias 

current, and the system of rate equations in Section II containing the thermal behavior is 

rewritten as (23), which are constraints on each other.  

{
 
 

 
 
𝑑𝑁

𝑑𝑡
= 0

𝑑𝑆

𝑑𝑡
= 0

𝑑𝑇

𝑑𝑡
= 0

(22) 

The simulated result is shown in Fig. 2, which has a high degree of fit with the simulation 

results in [10] and show the output power flip at high currents. 



 

Fig. 2. LI curves for the device at 23℃ 

The modulation response 𝐻(𝑓)  can be derived from small signal modulation of the 

VCSEL. Since parasitic capacitance is considered to be a key factor limiting the high-speed 

performance of this particular device. We consider the parasitic cut-off frequency in the 

expression for the frequency response, and normalized modulation response function 

can be expressed as[15] 

|𝐻(𝑓)| =
1

√[1 + (
𝑓
𝑓0
)
2

]

|𝑍|

√(2π𝑓𝑌)2 + (−4𝑓2π2 + 𝑍)2
(22)

 

Where 𝑓 is the signal frequency, 𝑌 is the damping factor, 𝑍 is the resonance frequency 

factor respectively, and 𝑓0 is the parasitic cut-off frequency and taken as 10 GHz. From 

Fig. 3Fig. 3, it can be seen that there is good agreement between the two sets of curves in 

[10], including the values of the resonance frequencies, the main difference being the 

amplitude of their resonance peak. 

 

Fig. 3. Simulated modulation response curves for the device at 22℃ 

C. Compare with VPI and OptiSystem 
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In order to validate our model in the home-built simulation software, we compare our 

simulation results with those obtained by the mainstream simulation software VPI and 

OptiSystem. We modulate the input current for random NRZ coding and intercept some 

of the results for demonstration. The parameter settings of VCSEL are given by the 

simulation cases in the VPI software. The model parameters are η𝑖 = 1 , 𝐺0 =

 1.613 × 106𝑠−1 , 𝑁0 = 2.232 × 10
6 , Γ = 0.03 , β = 1 × 10−4 , τ𝑛 = 2𝑛𝑠 , τ𝑝 = 1.1526𝑝𝑠  , 

ε = 2.6525 × 10−5 , 𝑘 = 1.0796 × 10−6 and 𝛼 = 3. 

Since there are some differences in the modelling of thermal behavior and parameter 

fitting between these software, we ignore the thermal behavior for the time being and 

focus on the simulation of noise. Then, we consider the simulation of adding noise. From 

Fig. 4 and Fig. 5, we can see that our simulation results from Python have a high degree 

of similarity with the two software, and both simulate stochastic dynamic processes. 

 

Fig. 4. Comparison of simulation results without noise 

 

Fig. 5. Comparison of simulation results with noise 

Ⅲ    Conclusion 

The rate equations for the interconversion of the number of carriers and the number of 
photons in a laser is described. The model considering thermal effects and noise 
describes the process more accurately, and the programming of the VCSEL model is 
facilitated by the time-domain discretisation, which lays a foundation for the study of the 



characteristics of the VCSEL and the construction of the optical communication system 
in the simulation software. This paper discusses the rate equations for VCSEL and 
compares the simulation results with other literature and simulation software, and the 
results confirm the feasibility of the model. 
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